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Abstract:  

This paper presents the synthesis results of a robust H∞ (H-infinity) loop-shaping con-

troller combined with a PID (Proportional-Integral-Derivative) controller using fuzzy 

logic for the pitch autopilot of a tail control missile. The results take into consideration 

the change of mass, moment of inertia, and aerodynamic coefficients. The combination 

of the control signal of the robust controller and the PID controller is formed on the 

basis of adjusting the membership function of fuzzy logic according to the ITAE (Integral 

of Time-multiplied Absolute value of Error) optimization criterion. The performance and 

robustness of the missile autopilot are verified by nonlinear simulation. 
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1 Introduction 

In a missile autopilot system, the missile is a plant with many variable and uncertain 
parameters such as aerodynamic coefficients, mass, velocity, and moment of inertia. 
Unpredictable changes of parameters make it difficult to synthesize the controller. 
Many studies have been published dealing with the robust stability of a missile autopi-
lot with uncertain parameters by applying several different control theories. To design 
a missile autopilot [1], for instance, the method of applying the pole-placement ap-
proach was used. To design the autopilot system to solve the problem of mass change 
during the motion of the missile [2], another approach was applied – the method of 
using the linear inequalities matrix combined with the gain-scheduling technique. The 
LPV-based (linear parameter varying) method was applied to the adaptive controller 
design for the pitch-axis autopilot [3], or the dynamic inverse method was also applied 
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to design a nonlinear controller to guarantee the robustness of the missile [4]. In [5], 
the authors designed the autopilot for missiles with uncertain parameters by the back-
stepping method; the results ensured stability and, at the same time, the performance 
of tracking. Recently, H∞ synthesis methods have been used to design controllers for 
objects with many uncertainties [6]. These controllers were widely used in missile 
control, as they allow to ensure robustness and performance requirements in the pres-
ence of uncertainties and disturbances. In [7], a dynamic inversion controller was used 
for the inner loop and an H∞ controller was used for the outer loop to achieve robust 
performance. In [8], Mohamed et al. proposed an autopilot design for an air-to-air 
guided missile based on H∞ robust control to avoid noise and disturbance. However, 
an H∞ controller has some disadvantages that need to be considered, such as high order 
or poor control performance. Moreover, the controller does not meet the performance 
requirements when the parameter changes over a wide range.  

To improve control performance, researchers have combined different control 
methods. In particular, the method of combining the LQR controller with the PI con-
troller yielded a higher performance in tracking than using only one LQR controller 
[9]. The combination of a PID controller and an H∞ controller improves the ability to 
eliminate disturbances and increase stability [10]. In [11], the author proposed to com-
bine the LQR controller with the H∞ controller, and the results show that the combined 
controller can achieve the desired response time criteria with parameter uncertainties 
by automatic tuning and optimization of LQR weighted matrices. The combination of 
a PID controller and a LQR controller together with a fuzzy logic-based switching 
system takes advantage of both controllers and results in each controller maintaining 
the stability of the control system [12]. An optimized Takagi-Sugeno fuzzy mixed 

H2/H∞ robust controller was applied to suppress oscillation. It achieves better perfor-
mance in terms of overshoot, transient time, and avoiding traps at a local optimal 
solution [13]. The controller designed by combining H∞ control and fuzzy control 
achieves better performance for coupled-nonlinear systems than applying only one 
control method [14]. Thus, the combination of different control methods has improved 
control performance compared to using only one control method. 

Following the approach of combining controllers using fuzzy logic, this paper 
presents the results of synthesizing a robust controller for the autopilot of the missile. 
The structure of the paper is as follows: After the introduction, the nonlinear dynamics 
model of the missile in the pitch plane is presented. The next section shows the results 
of using the H∞ loop-shaping technique, PID control, and fuzzy logic to design a com-
bined controller for a pitch missile autopilot. The performance of the autopilot is 
validated by nonlinear simulation in the MATLAB environment. The last section is the 
conclusion. 

2 Missile Dynamics 

Considering the typical aerodynamic missile, there are two pairs of wings that are 
symmetrical about the longitudinal axis. It is assumed that the missile is controlled 
stably around the longitudinal axis and that there is no coupling between the control 
planes. The rotation of the missile in the pitch plane is represented in Eq. (1) [15]: 
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where α  is the angle of attack; q is the angular speed of the missile; qM is the dynamic 
pressure; Sref  is the aerodynamic reference area of the missile; m is the mass of the 
missile; VM is the missile’s speed; d  is the diameter of the missile; s  is the converted 
distance (in missile diameter) from the center of gravity of the missile to the center of 
pressure; 1

b
yI  is the pitch moment of inertia of the missile; CA, CN, CT, and Cm are the 

axial force coefficient, the normal force coefficient, the thrust coefficient, and the 
pitch moment coefficient at moment reference center, respectively. CA, CN, and Cm are 
approximated by expressions (2), (3), and (4):  

 ( ) ( )3
3

M2q qN N N N q Nq NN N

d
C C C C C C C q C

V
α δ αδ αα α α

α α α α α δ α= + + + + + + ɺ
ɺ  (2) 

 ( )3
3

M

( )
2q

m m q mq mm m m

d
C C C C C C q C

V
α αα α α δ

α α α α α δ α= + + + + + ɺ
ɺ  (3) 

     
2 30

2

32

2sgn
q q q

A A AbA A A

A q A qA

C C C C C C

C C C

α α α

δ αδ α δ

α α α

δ α α δ

= + + + + ∆ +

 + + + 
 

 (4) 

The aerodynamic coefficients (2), (3), (4) are substituted into Eq. (1), we have: 
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where
q

δ  is the control fin deflection in pitch; sgn() is the sign function. 

Writing Eq. (5) in matrix form, we have 
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The normal acceleration of the missile is presented in Eq. (7): 
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Then, the missile dynamics model in the pitch plane is expressed in the form of 
state space as follows Eq. (8): 

 a a

a a


 +

x = A x + B u

y = C x D u

ɺ
 (8) 

3 Synthesis of Controller and Evaluation 

3.1 Uncertain Model of the Missile 

Without considering the dynamics of sensors and assuming that the angle of attack, 
angular speed, and normal acceleration are measured. The structure diagram of the 
missile autopilot with a robust H∞ controller is shown in Fig. 1, where nyc and ny are 
the normal acceleration command and normal acceleration output respectively; δqc and 
δ are the input and output of the actuator respectively; δq is the control fin deflection 
limited by a saturation model. 
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nynyc
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Fig. 1 Diagram of the missile autopilot 

Actuator dynamics is approximated as a second-order system as follows (9): 
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where aζ  and aω  are the damping ratio and natural frequency of the actuator respec-
tively. 0.707; 150a aζ ω= =  rad/s.  

Consider the typical aerodynamic missile model with geometrical parameters in 
Fig. 2, and aerodynamic coefficients in Tab. 1 [15]. The angle of attack is limited to 
±30°, and the rudder rotation is limited to ±30°. The main parameters of the missile 
are shown in Tab. 2. 

From Eq. (8), the uncertain model of the missile at the boundary values of the pa-
rameters of mass, moment of inertia, position of the center of gravity, angle of attack, 
and rudder rotation is calculated and expressed as follows: 
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Fig. 2 Missile model 

Tab. 1. Aerodynamic coefficients of the missile 

Coefficient Value Coefficient Value Coefficient Value 

NC α  2.020∙10-1 αmC  1.373∙10−1 2αA
C  −7.642∙10−5 

N
C α α  1.110∙10-2 α αm

C  −1.020∙10−2 3αA
C  2.111∙10−6 

3
N

C
α

 −1.131∙10-5 3αm
C  −6.864∙10−5 ∆ AbC  1.062∙10−1 

qNC δ  6.961∙10-2 mqC  −1.8560∙10−1 δ qAC  −2.282∙10−2 

αδqNC  4.066∙10-4 αɺmC  −1.405 αδqAC  1.904∙10−3 

NqC  5.734∙10-1 0AC  4.362∙10−1 2α δqA
C  −2.708∙10−5 

αɺNC  −2.781∙10-1 αAC  3.886∙10−3   

Tab. 2. Main parameters of the missile 

Parameter Units Value Parameter Units Value 

Altitude m 6 000 Speed  M 2.50 
Position mass center, end 

of boost (from nose) 
cm 143.6 Missile mass, launch kg 101.30 

Position mass center, 
burnout (from nose) 

cm 128.8 Missile mass, burn out kg 87.27 

Body frontal area dm2 3.0828 
Pitch moment of iner-

tia, launch 
kg·m2 33.20 

Burning time,  
sustain engine 

s 8 
Pitch moment of iner-

tia, burnt out 
kg·m2 32.00 
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The step responses of several samples of the uncertain model of the missile are 
shown in Fig. 3. The orange line is the step response of the nominal model, and the 
rest are the step responses of the model with random values of the uncertain parame-
ters. 

 

Fig. 3 Step response of the uncertain model of the missile  

3.2 Synthesis of Robust H∞ Loop-Shaping Controller 

A control system is robust if it remains stable and meets certain performance criteria 
under the influence of uncertainties. The task of robust control synthesis is to find such 
a controller for a given system that the closed system is robust. The H∞ optimization 
method has been proven to be a robust and efficient design method for time-invariant, 
linear control systems. Although it is an efficient method, the perturbation representa-
tions of the model are limited by the number of poles to the right of the complex plane. 
In addition, unwanted cancellation of poles and zeros can occur between the nominal 
model and the H∞ controller [16]. To design a robust controller, the H∞ loop-shaping 
control technique is an efficient method, whereby the restrictions on the number of 
poles on the right of the complex plane can be extended without producing cancella-
tion of pole and zero points between the nominal model and the designed controller. In 
addition, this method does not require an iterative procedure to obtain an optimal con-
troller and thus improves computational efficiency. Therefore, this paper uses the H∞ 
loop-shaping design method. 

Suppose the plant contains uncertain components, which are represented by 
Eq. (11): 
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where NS and MS are the numerator and denominator of the nominal transfer function 
G0 of the plant, respectively; NS∆  and MS∆  are the uncertain components of the nu-

merator and denominator, respectively. ,NS MS ε∞∆ ∆ ≤ , where ε is the stability 

margin (ε > 0). 
In Fig. 4, the designed elements in the structure diagram of the controller are 

weight functions W1 (pre-compensator) and W2 (post-compensator). They are com-
bined with the nominal plant G0 to achieve the shaped plant GS. As a result, the shaped 
plant can be written as follows: 

 2 0 1G W G WS = . (12) 
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Fig. 4 Structure diagram of the H∞ loop-shaping controller 

Then, the controller K∞ is synthesized for the plant GS by solving the inequality 
Eq. (13): 
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The H∞ loop-shaping feedback controller is: 

 1 2K W K W∞=  (14) 

Using the loopsyn() and balred() functions in MATLAB to synthesize and reduce 
the order of the H∞ loop-shaping controller for the uncertain plant (10), we get the 
parameters of the controllers corresponding to feedback loops according to angular 
speed, angle of attack, and normal acceleration as follows: 
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Fig. 5 presents the investigation results of the autopilot, which has the H∞ loop-
shaping controller Eq. (15). The input is the normal acceleration command, and the 
missile model is nonlinear. The result shows that, when the command has a suitable 
value, the normal acceleration of the missile tracks the command with good perfor-
mance, ensuring a small steady-state error and a short transient time. However, when 
the input is small (the normal acceleration command nyc = 1), the control performance 
is significantly reduced, even unstable. This disadvantage is solved by the PID control-
ler below. 
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Fig. 5 Normal acceleration of missile with H∞ loop-shaping controller 

3.3 Synthesis of PID Controller 

The conventional PID controller has a simple structure. It can simultaneously improve 
both the response time and the steady-state error of the control system within a certain 
range. Therefore, with the aim of supplementing the H∞ loop-shaping controller in the 
case of a small input, the article proceeds to synthesize a PID controller. 

A continuous-time PID controller calculates the control signal u(t) based on the 
error e(t) as follows (16): 

 ( ) ( ) ( ) ( )
0P I D

d
d

d

t e t
u t K e t K e t t K

t
= + +∫   (16) 

where the parameters of the controller are KP (proportional gain), KI (integration gain), 
and KD (derivative gain).  

Fig. 6 shows the diagram of an autopilot with a PID controller in the outer loop 
and an H∞ loop-shaping controller in the inner loop. The input to the system is the 
normal acceleration command. 

nyc
H∞

Actuator 
dynamics

PID_
Missile 

dynamics
y

n

 q, α, ny

ny

Fig. 6 The diagram of autopilot with PID controller in the outer loop, 

H∞ loop-shaping controller in the inner loop 

Using the Simulink Design Optimization toolbox, the PID controller parameters 
after turning are as follows: KP = 3.1080, KI = 15.9340, and KD = 0.1187. 

In Fig. 7, the result shows that the PID controller significantly improves the con-
trol performance of the system when the input signal is small. However, when the 
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input signal is large, the quality of the system decreases compared to the quality of the 
system without the PID controller (see the results in Section 3.2). 

 

Fig. 7 Normal acceleration of missile with PID and  H∞ loop-shaping controllers 

3.4 Combination of H∞ Loop-Shaping Controller and PID Controller Using Fuzzy 

Logic System 

The advantages and disadvantages of the H∞ loop-shaping controller and the PID con-
troller presented in sections 3.2 and 3.3 lead to the idea of combining these two 
controllers. This paper chooses the combining mechanism using a fuzzy logic system. 

The architecture of a fuzzy logic system is shown in Fig. 8 [17]. In general, 
a fuzzy logic system establishes the specifics of the nonlinear mapping of an input data 
vector into a scalar output based on fuzzy set theory and fuzzy logic. It includes four 
parts: the fuzzifier, rules, inference engine, and defuzzifier. The fuzzifier component 
transforms raw inputs into fuzzy sets using linguistic terms and membership functions. 
The rules part contains the rules and membership functions that regulate decisions in 
the fuzzy logic system. The inference engine is a tool that maps fuzzy input sets into 
fuzzy output sets. The defuzzifier maps fuzzy output sets into explicit outputs. This is 
the output stage of a fuzzy logic system. 

FUZZIFIER DEFUZZIFIER

INFERENCE

RULES

Fuzzy logic system

Crisp Inputs Crisp Outputs

Fuzzy input sets Fuzzy output sets

 

Fig. 8 Architecture of a fuzzy logic system 
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Fig. 9 is the diagram of the missile autopilot with a fuzzy logic system. The 
mechanism of combining the two controllers is designed in such a way that when the 
input (nyc) is large, the H∞ loop-shaping controller is used. When the input is small and 
the error e(t) is small, the PID controller is used. This combination mechanism brings 
into play the advantages of both the H∞ loop-shaping controller and the PID controller. 

_

PID

Fuzzy 
logic

H∞

Actuator 
dynamics

Missile 
dynamics

u
Σ( )e t

 q, α , ny

nynyc u = nyck 

+ uPID(1 – k)  

uPID

k

Fig. 9 Missile autopilot with combining two controllers 

By using the error signal and the input command, the fuzzy logic system calcu-
lates the factor k ( 0 1k≤ ≤ ), which is then used to calculate the control instruction by 
combining the signals of the H∞ loop-shaping controller and the PID controller. 

 ( )PID 1ycu n k u kΣ = ⋅ + ⋅ −  (17) 

The membership functions of the fuzzy logic system are shown in Fig. 10. The 
fuzzy rules are simply set up as follows: 

• IF (nyc is small) AND (e(t) is small) THEN (k is small), 
• IF (nyc is big) THEN (k is big). 

yc
n

 

Fig. 10 Membership functions 

The membership functions are adjusted to minimize the quality cost function ac-
cording to the ITAE criterion: 

 ( )min
0

d minJ t e t t

∞

= ⋅ →∫  

Simulation results when combining the H∞ loop-shaping controller and the PID 
controller with a fuzzy logic system are shown in Fig. 11. The results show that, when 
using the fuzzy logic matching mechanism, the system performance is better than 
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when using the H∞ loop-shaping or PID controller alone. Thus, the combined control-
ler has solved the requirements of the autopilot when considering the nonlinearity of 
the missile dynamics model along with the change of parameters in the wide range, 
while maintaining control performance. First, when the command is small, the system 
with the combined controller is stable and has good tracking (during the period from 
the 8th to the 10th second). Second, when the command is large, the system has good 
performance (from initialization to the 4th second). 
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Fig. 11 Normal acceleration of missile with combination controller 

4 Conclusion 

This paper presents the results of a synthesis study of a robust H∞ loop-shaping con-
troller combined with a PID controller using a fuzzy logic system for the pitch 
autopilot of a missile with variable parameters. The control signals of the two control-
lers are combined by a fuzzy logic system according to the minimization of the ITAE 
criterion. The results of nonlinear simulation in the MATLAB/Simulink environment 
confirmed that the controller has good performance and is stable with respect to 
changes in parameters. Additionally, the components of the controller are not too 
complicated to compute. 
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